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THE PURPOSE of this note is to settle a conjecture of Atiyah-Hirzebruch [2] on the complex 
K-theory of certain homogeneous spaces. Specifically, let G be a compact, connected lie 
group with x,(G) free, and let U be a closed connected subgroup of maximal rank; then 
complex representations of U give homogeneous, complex vector-bundles on G/U, and the 
conjecture is that the map 2: R(U) --+ K”(G/U) so induced is surjective. 
Actually our contribution is of an algebraic nature (Theorems 1 and 2 below) from which 
the conjecture follows, as Hodgkin [5] has pointed out. In fact this work was stimulated 
by an attempt to supply the missing link in Hodgkin’s scheme. Independent proofs along 
similar lines have been given by V. Snaith and R. Seymour. 
The main results of the paper then. are three. 
THEOREM I. Let G be a compact, connected lie group rc.ith rr,(G)fLee, and T a maximal 
torus. Then R(T) is a free R(G)-module (by restriction) of rank 1 WI = the order of the Weyl 
group. 
Here R(G) is the complex representation ring of G. 
THEOREM 2. Let G be as in Theorem 1, U a closed, connected subgroup of maximal 
rank. Then R(U) is a stably-free R(G)-module (by restriction), which is free if 
I W(G) I 
I wJ>l 
> I + rank G. 
THEOREM 3. For G, U as in Theorem 7, the homomorphism c(: R(U) -+ K”(G/U) is 
surjectice and gices an isomorphism K(GjU) N R(U) BRtG,Z. 
Let us emphasize that Theorem 3 is a consequence of Hodgkin’s spectral sequence [j], 
once one knows that R(U) is flat over R(G). In particular he states Theorem 3 quite ex- 
plicitly under this assumption, and in fact conjectures Theorem 1. Our only contribution 
therefore, is to remove this algebraic assumption. 
Several special cases of Theorem 3 have of course been known for some time. Atiyah 
and Hirzebruch [2] themseives verified it in all cases that G did not contain factors of type 
I The research for this paper was supported by NSF Grant GP-7952 XI at the Institute for Advanced 
Study, Princeton, N.J. 
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E, by showing first that it was enough to treat the case C. = T. Subsequently Singh-Varma 
[9] checked it for E, 
1 want to thank Professor John iCloore for helpful conversations. and the referee for 
comments which have clarified the exposition. 
$1. R(U) AS AN R(G)-MOIXLE 
In this section we will prove Theorems 1 and 2. We begin by recalling several facts 
from representation theory. Let G be a compact, connected lie group with maximal torus 
T and let R(G), R(T) be their Grothendieck rings of complex, finite-dimensional representa- 
tions. Denote by i: T+ G the inclusion and by Wthe Weyl group. 
All rings we consider in this paper are commutative with unit. 
(I) R(T) z Z[?], the group-algebra of the character group ?= Hom(?‘, S’). Choosing 
a Z-basis t,, . , t, for ? we may identify Z[?] N Z[t,+‘. , t,+‘]. 
(2) i*: R(G) + R(T) is injective and Jm i* = R(T)W, the subring invariant under the action 
of w. 
(3) If G is simply connected, then R(G) = Z[.u,, . , x,], a pure polynomial ring on the 
“ fundamental ” representations. 
(4) If x,(G) is torsion-free, there is a finite covering 0 -+ r--f T’ x G, -+ G + 0 with G, 
simply-connected, T’ a torus, r is discrete central subgroup, which gives isomorphisms 
R(G) N R(G,) BzR(T’IT) and R(T) = R(T,) BzR(T’/r), T, s G, being a maximal 
torus. 
The first three facts are classical, and may be found in Adams [I]. Fact 4 is discussed 
in Hodgkin’s paper [j.]. 
Our proof of Theorems 1 and 2 follows readily from well-known facts. Notice that from 
numbers I, 3 and 4 above, if n,(G) is free, then R(G) is the tensor product of a polynomial 
ring and a Laurent polynomial ring: in particular, it is a regular ring of dim I + 1, I = rank G 
The following lemma is well known in commutative algebra. 
LEMMA 1.1. Let A, R be regular tloederiatz rings of dimension tl. ad (b : A --t R a ring 
homomorphism which makes R a finitely-generated A-mochlrle. Then R is a projectice A-module. 
Proof. It is equivalent to establish the result that for any prime ideal p in A the local- 
ized module R @,., A,, is free over the local ring A,. See for example Serre [7]. 
First consider the completion 2, = lim,A/p”, and the module d, = R QA 2,,. Rp is 
the direct sum of the completions I?p, where the pi are the (finitely many) prime ideals in R 
lying over p. Thus l?p is a regular complete local ring, which is of finite type over Ap. Thus 
by Serre [8] (page IV-37, Corollary to Proposition 22) Rp is free over A,,. 
It now follows from Nakayama’s lemma that R, is free over A,: pick rip-generators 
s ,,“.,. n Y for R, which reduced modp give a vector-space basis; as there are no relations 
among the si after completion (by Nakayama) they form an A;-basis. 
COROLLARY. R(T) is a projectice R(G)-module, if x,(G) is free. 
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ProoJ R(G) and R(T) are both regular rings of dimension I+ I, as has been noticed 
above, and the inclusion i*: R(G) + R(T) makes R(T) a module of finite type, because R(G) 
is the subring invariant under a finite group. Thus Lemma I 1 applies 
We can now prove Theorem I. For a rin g. .A, let X(J) be the Grothendieck group of 
finitely-generated projective A-modules. 
Proof of Theorem. We calculate Y(R(G)). There is a theorem of Grothendieck (see 
Serre [7]) that for any regular ring ii: .X(A [t L “, , t,’ ‘I) 2 X(.4) and X(rl [I~, . xn]) 1 
X(A). Using fact 4 above, and applying this result first Lvith ,4 = R(G,) and then with 
ii = 2. we see that X(R(G)) ‘v (Z). Hence y(R(G)) = 0; thus because R(T) is projective 
ok’er R(G), it is stably-free. 
To prove that R(T) is free over (R(G), it suffices to restrict attention to simply-connected 
groups, using fact 4 again; for if R(T,) is free over (R(G,) then R(7) = R(T,) 0 R(T’ l-1 
will be free over R(G) = R(G,) @ R(T’, r). Recall Bass’ stability theorem [3] (Sections 9 and 
10) which implies that for any noetherian domain J and stably-free module M of finite type, 
rank, M > Krull dimension A ensures that M is free. In our case, rank,(,,R(T) = 1 WI+ 
and dim R(G) = I + I. Now if G is simply-connected then &’ is generated by 1 reflections, so 
j W’j 2 I + I : in fact if I > I then 1 WI > I+ 1, and if I = 1 then j I+.( = 2. Thus Bass’ 
theorem applies in case I> 1. For I = 1, R(T) = Z[t, t-l], it’ = Z/2 and it acts on R(T) by 
interchanging t and t-‘. Thus I?(G) = Z[t + t-‘1 and one can easily check that 1, f give a 
free R(G)-basis for R(T). This completes the proof. 
Remark. One knows that K”(G/T) is a free module of rank 1 IV/ over K”@r) [I]. One 
may therefore regard Theorem 1 as an equivariant version of this fact, since there are canon- 
ical isomorphisms in &-theory, K&G/T) N R(T) and K&t) N R(G). 
The proof of Theorem 2 uses Theorem 1, and in fact the last assertion of Theorem 2 
requires Theorem 3; however there is no circularity involved, as we shall see. 
Proof of Theorem 2. We shall prove that R(U) is a projective R(G)-module, by showing 
that it is an R(G)-summand in R(T) following the analogous idea in [2]. Actually it will be an 
R(U)-summand, and so a fortiori an R(G)-summand. Now the inclusion j: T---f U induces 
i*: R(U) -+ R(T) which is of course an R(U)-map. Using the fact that iJ/T admits homo- 
geneous complex structures (Bore1 [4]) one can define a “holomorphic induction” (Segal 
[6J)j!: R(T) -+ R(U). This is not a ring homomorphism, but satisfiesj!~~~*(x)) =i!(y) . .x for 
J E R(T), x E R(U). Thus it is an R(U)-map. We claim that i!j*(~) = X, or what is the 
same thing, i!(l) = I. This is established by Segal [6] (Section 4) and depends on the fact 
that U/T is a ratiotzal algebraic manifold [-I]. Thus I?((/) is a R(u)-summand in R(T), and 
so a projective R(G)-module. 
As in Theorem 1, y(R(G)) = 0 implies that R(u) is stably-free over R(G). Using this, 
it is easy to see that R(G)-rank R(LI) = Z-rank(R(O’) QRCCIjZ). Now we can invoke Theorem 
7 If K denotes the fraction-field of R(G), it suffices to show that dim R(T) sRcc,~ = 1 bYi (Bourbaki, 
AlgPbre Commufatice, Ch. II, p. 142, 3rd edition). Because R(G) is an invariant subring, R(T) @ K is the 
fraction-field of R(T): it is a finite Galois extension of K with group W. Thus by Galois theory we are 
done. 
R(U) Q 
I W(G) I 
RcG,Z, and then proposition 3.6 of [2] to conclude that Z-rank K(GIU) = ___ - 
I W(f4 I 
Thus ifw > 1 + dim T = 1 + rank G, then by Bass’ stability theorem, R(U) is free 
I 
over R(G). 
Remark 1. The computation of R(G)-rank R(U) is more complicated than the case 
U = T, because R(G) is not an invariant subring of R(U). They are both invariant subrings 
.I algebra is more complicated. We have of R(T), but R(U) may not be regular, so the loca 
thus chosen to resort to Theorem 3. 
Remark 2. 
I WG)I 
It can happen that , w(v), 5 I+ 1. Here are two examples. 
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3-since ail it requires is that R(U) be flat over R(G)--to conclude that K(G,‘U) N- 
(a) 
I f+‘(G) I
Regarding CR,_, as a homogeneous space of SU(n) by U(n - 1) we have ---= 
I WV I 
Euler (CR,_ ,) = n whereas rank SU(n) = n - 1. Thus in this case there is equality. However 
one can explicitly compute that R(U(n - 1)) is free over R(SU)n)). 
(b) Regarding S2” as a homogeneous space of Spin (2n -t 1) by Spin (2n) we have 
I WG)I 
I W(v)1 
= Euler (S”‘) = 2, whereas 1 + rank Spin (2n + 1) = 1 + n. In this case also 
R(Spin(2n)) is free over R(Spin(2n + 1)). 
It is quite likely that for simply-connected groups G, R(U) is always free over R(G); 
at least after tensoring with a field, this would follow from Serre’s conjecture [7], because 
R(G) is a polynomial ring. 
82. THE HOMOMORPHIShl z 
The homomorphism 3: R(U) -+ K”G/U) associates to a (virtual) representation the 
corresponding (virtual) homogeneous vector-bundle; in terms of equivariant K-theory, the 
isomorphism K&G/U) N R(U) interprets r; as the forgetful map K&G/U)-+ K(G/U). 
Hodgkin has a spectral sequence for Kc-theory [5] in which rl appears as a “ transgression”. 
Proof of Theorem 3. Hodgkin [5] shows that if To+,, (R(U), 2) = 0 for n > 0 then 
K(G! U) = R(U) OR(G) Z and the projection R(U) -+ R(U) ORcGjZ is just CL. Since R(U) is 
stably-free over R(G), the higher Tor’s vanish. This completes the proof. 
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